Let D be a domain in iw". n > 2, and let H = Ho + t', where H, is a divergence form uniformly elliptic operator with Dirichlet boundary conditions and P' is in the Kato class. Intrinsic ultracontractivity is proved for the semigroup of H when D is Holder domain of order 0 or a uniformly Holder domain of order z for 0 i a < 2. For every ~22, there exists a uniformly Holder domain of order TX for which the Dirichlet Laplacian is not intrinsically ultracontractive. For a large class of domains it is shown that the heat kernels for HO and H decay at the same rate at the boundary. Applications are given to the lifetime of conditioned Brownian motion. Some of our results seem to be new even for smooth domains.
Let D be a domain in R", n B 2, and let H, be a second order divergence form elliptic operator with Dirichlet boundary conditions in D. In this paper we prove intrinsic ultracontractivity (IU) for the semigroup of the Schrodinger operator H= H, + V, where VE K,, the Kato class of potentials, and D is what we call a Holder domain of order 0 or a uniformly Holder domain of order ~1, where 0 < CI < 2. Holder domains of order 0 have been studied extensively in recent years in connection with the Poincare inequality. This class of domains includes the class of Lipschitz, NTA, uniform (BMO-extension), and John domains. The class of uniformly Holder domains has not, it seems, been studied previously. Our results for this class of domains are sharp in that for every a 2 2 there exists a uniformly Hijlder domain D of order c( for which the Dirichlet Laplacian is not (IU). Our results extend the results of E. B. Davies and B. Simon [ 131, who were the first to introduce the property (IU). For a reasonably large class of domains, including Lipschitz, we show that the RODRIGOBAIkJELOS heat kernels of H,, and H, as well as their respective lowest eigenfunctions, decay at the same rate at the boundary. That this should be the case for some domains was conjectured in Davies and Simon [13] . These results are closely related to the parabolic boundary Harnack principle as shown by C. Kenig and J. Pipher [18] . As was shown in R. Baiiuelos and B. Davis [4] , the property (IU) has very important consequences in the study of the lifetime of conditioned Brownian motion in D, the Doob h-process. Our results also extend some previous work on this subject. Some of the results we obtain in this paper seem to be new even for C" domains.
The paper is organized as follows. In Section 1, we introduce notation, make the relevant definitions, and state our results. We also explain how our results are related to other work on the subject and make some comments on the proofs. In Section 2, we prove Theorem 1. and in Section 3, we prove Theorem 2 and Corollary 1.
NOTATION, DEFINITIONS, AND STATEMENTS OF RESULTS
We assume for the rest of the paper that D is an open connected subset of Iw". Let a(x) = (Us) be a symmetric (n x n) matrix satisfying (1.1) for all (x, 5) E D x D, where A, and ,I, are positive constants. We may also assume, for the purpose of construction of diffusions and h-processes, that our coefficient matrix is smooth. However, all of our estimates 'will depend only on the ellipticity constants A, and A, and never on the smoothness of the matrix. The ellipticity condition (1.1) immediately implies that the quadratic form Q0 is equivalent to the quadratic form associated with the identity matrix. This implies, not necessarily trivially, that the operator H, shares many of the important properties of d,. In particular, if P,(x, J!) denotes the integral kernel of the operator ePrml, the heat kernel of H,, then we have (see [ll, p. 891) for all (x, I') E D x D and all t > 0. C, and CZ are positive constants depending only on A, and A,. We next assume that our domain D is bounded.
(If we deal only with the case of zero potentials then this assumption may be replaced by the assumption of finite trace of ePrHo for all t > 0 and all our results below continue to hold.) Then H, has discrete spectrum in L*(D, d.u) with strictly positive eigenfunction cp,, which we normalize by I(cpOllZ = 1. By (1.2) the operator is ultracontractive. That is, there exists a constant C, < ~3 depending only on t, n, A,. and (1, such that Ile-rH~fll x G C, Ilfll L+dri for allf'e L'(dx) and all t >O. (1.3) In [13] , a stronger form of ultracontractivity was introduced. Let dp = cpi d,u and define the new semigroup e-"" in L*(D, dp) (the semigroup of Brownian motion conditioned to stay forever in D) with integral kernel (1.4) where & is the eigenvalue corresponding to cpO. An easy exercise shows that this gives indeed a symmetric Markovian semigroup in L*(dp). DEFINITION (Davies and Simon [ 131) . The original semigroup e PrHu is said to be intrinsically ultracontractive (IV) if the new semigroup e -I6 is ultracontractive, that is, if there exists a constant ?, < C;CI such that lle-lYI x d c, llfll fd~idlcl (1.5) for allfEL'(dp) and all t >O.
Applying (1.5) tof/cp, for anyfE L'(dx) we see that (1.5) implies le m'H"f(-~)l d cpdx) em~"Of, llfll L2cd.rl (1.6) RODRIGO BA&JELOS
for all x E D, all t > 0, and allfe L'(dx). Similarly, if we apply (1.6) to (pOJ; which belongs to L'(dx) for any f E L*(&), we see that (1.5) is equivalent to (1.6). There are several other equivalent definitions of IU including some which are "more" probabilistic. In this paper we will use only (1.5) and (1.6). We note that if (P,, is the nth eigenfunction with eigenvalue 1, we obtain from (1.6) that for all XE D, Icp,(x)l d q&)(x) e-(+iwi.
(1.7)
Substituting the estimate (1.7) in the series expansion for the heat kernel we obtain as in Davies and Simon [13] that for any a>0 there exists constant C, such that for all t > E, for all (x, JJ) E D x D. Also, there exists I(E) such that for all r > t(s), (1.9) for all (x, 4') ED x D. We shall use the estimates (1.8) and (1.9) below. The Kato class of potentials K,, consists of those functions V defined on R" such that
where B,(x) is the ball centered at x and radius r. For n = 2, Ix -~'1' --n has to be replaced by -log Ix -~1. In this paper we shall assume that n 2 3 (the results hold in lR2 with the appropriate modifications and even in greater generality). We refer the reader to M. Aizenman and B. Simon Cl] for examples, properties, and other equivalent definitions of K,,, and to Simon [21, p. 4541 for the reason why this is a natural class to consider in the case of the Laplacian. Since the free Green function of the self-adjoint operator associated with the matrix a is comparable with IX-ylz-' (Davies [ 11, p. 83] ), this is also the right class to consider for our elliptic operators.
The quadratic form . We let P:'(.K, J') be its integral kernel. the heat kernel for H. We assume for the rest of the paper that the bottom eigenvalue i:, of His strictly positive with strictly positive lowest eigenfunction cpi., which we again normalize by IlcpA.ll, = 1. We let dp,.= (cpi')' ds and define the intrinsic semigroup e -~" on L'(dp,.) exactly as in the case of H,. We also define (IU) for e m'H exactly as before. We also have the estimates (1.8) and (1.9) whenever e lH is (IU (1.10) for all x E ;'. Here a is a positive constant, ~(s, s,) is a part of 7 joining s to x,, and f(y(.~, x,)) is its arc length. If we define the quasi-hyperbolic distance in D by (1.11) where the intimum is taken over all rectifiable curves joining .K, to X, in D, then it follows easily from the definition that for a John domain there exist constants C, and C1 such that for all XE D, + c-7.
(1.12)
Here, and for the rest of the paper, P,(X) = po(~vO, x).
Clearly, every uniform domain (BMO-extension domain), hence every NTA and Lipschitz domain, is a John domain (see Bafiuelos [3] for the definition of uniform domain). John domains have been studied extensively in recent years in connection with the Poincart inequality. We refer the reader to W. Smith and D. Stegenga [22] , where this is proved for domains satisfying (1.12) (1.13) and in addition, if there exists a constant C, such that for all Q E 8D and all r > 0,
where Cap denotes the Newtonian capacity.
(1.14)
Remark. Our definition of these domains was inspired by the Schrddinger operators considered in Lemma 4.8.5 of Davies [ 111.
If D is a bounded domain above the graph of a Holder function of order O< fl< 1, then (1.13) is satisfied with CI = 1 -fi but (1.14) may not be satisfied for such domains. The condition (1.14) implies, in particular, that the domain is regular for the Dirichlet problem; it may be visualized as an outer cone-type condition. This condition may not be satisfied by a Holder domain of order 0. In fact, it may not even be satisfied by a John or uniform domain. The condition (1.10) in the definition of John domain can also be visualized as a twisted inner cone-type condition. We remark here that for a simply connected domain in lR2, the capacity condition (1.13) is not needed for our results. Also, in R" it is possible to weaken the above domains even more and still obtain the conclusions below (see Corollaries 2.6 and 2.8 below). However, we feel that the above domains provide a "reasonable" class of domains for the type of results we will prove here and which have been studied in connection to other problems. We now present the application to conditioned Brownian motion. Let X, be the diffusion associated with the second order operator H, killed at the boundary of the domain and let 5D be its lifetime. Then the heat kernel PI(.y, 4') gives the transition functions of X, and if h is a positive L-harmonic function in D (f. the second order elliptic operator without boundary conditions), then the Doob h-conditional diffusion in D is determined by the densities 1 P;(x, y) = -4.x) Prb, t) 4 t).
We will write Pt for the measure on path space induced by the transition densities Pt and denote the expectation by Eh,. [12] showed that we may take fi = 1. [4] ). The study of the lifetime of conditioned Brownian motion was initiated by M. Cranston and T. McConnell, who showed that for a planar domain E:(r,) d C area(D). This result has been extended in several directions; we refer the reader to R. Bass and K. Burdzy [6] for the history. Finally, we mention that parts (b) and (c) of Corollary 1 appear to be new even for smooth domains.
We have recently learned that R. Bass and K. Burdzy [6] have given a new proof of Theorem l(a) for uniformly Holder domains in the case V= 0. Their result is stated in terms of ratios of heat kernels. More precisely, they show that given E>O there exists a constant C, such that for all s, t >, E and all u, x, J, 2 ED. It is easy to show (for any symmetric Markovian semigroup) that this is equivalent to IU.
In [ 13, A word about the proofs. Theorem 1 is proved via logarithmic Sobolev inequalities as in Simon and Davies [ 131. It is possible, however, to dispense with the log Sobolev method by using the Feynman-Kac formula and the Brownian bridge to represent the heat kernel and then work probabilistic by "hand." We have chosen the log Sobolev method because it seems to give better information on the behaviour of the heat kernel as t -+ 0 than what we were able to obtain with the probabilistic approach. In addition, everything seems to work remarkably smoothly with the log Sobolev method.
Throughout the paper we use C, C,, C,, C,, . . . to represent universal constants whose values may change from line to line.
THE PRCXF OF THEOREM 1
One basic tool for our proofs will be the logarithmic Sobolev inequalities (Theorem 4.2 in Davies and Simon [ 131). Since we will apply this result to different semigroups we state it here in the abstract setting. We shall now prove that (2.4), hence (2.1), holds for our semigroups. We also need to make sure that the constant /I(E) is good enough to ensure that the functions in (2.2) are finite. We remind the reader that 'p,, is the lowest eigenfunctions of H,,. . It is well known and easy to prove that this distance is comparable with po, the quasi-hyperbolic distance defined by ( 1.11). We may assume that I( Q,) = sup{l(Q,); Q, E W>, that x0 E Qo, and that cpO(x,) = 1. Then by property (iii) of the Whitney decomposition, the equivalence of p and pD, and the Moser Hamack inequality [17] we have that for all .Y E D, e-cpD(-rl G q+)(x), (2.6) where C is a constant independent of x. The lemma will follow from this and from the following three weighted norm-type inequalities. (2.9)
The inequality in (2.7) was proved by A. Ancona [2] . J. Lewis Cl93 gave an alternative proof using Whitney decompositions and the Poincare inequality for cubes. His proof can be adapted easily to obtain (2.8) and even for more general domains. We give a less direct but very short proof of (2.8) and (2.9) using the following two result of W. Smith and D. A. Stegenga [22] . Before we continue with the proof of the lemma, we state a corollary which is a weaker form of Ancona's result for John domains, which, as we mentioned before, may not satisfy the capacity condition. The corollary follows from (2.6), (2.8), (2.10), and the fact that pD(x) < C, log( l/d(x)) + C,. We now complete the proof of Lemma 3.3. By the elementary inequality log x < (2/y2) E,Y"~ + C + ( l/yz) log( l/s), which follows from log x < x2 + C, we have From the imbedding properties of ( VI (M. Schechter [20, p. 138]), we have j-D~VI~u12dx<6~D~Vu12dx+C,j-Dlu[2d~~ (2.17) for all ME C,"(D) and all 6 > 0. The constant Cs depends on the Kato norm and on 6 but not on u. Applying this with 6 = 4 we find that for all E > 0 and all fe Quad(R) n L' n L". Here 0 denotes the Dirichlet form associated with fi and all the norms are with respect to dp, In addition ~(E)=C-~10gc+al(E/2). (2.22 ) It follows from (2.21) and Lemma 2.2 that s D Ifl"~ogfd~~6~(~~(~~fP-')+~(~)IlflIP,+ llfll;Wlfll; (2.23 ) for all 2 < p < 8x8 and all f~ D,. All norms are with respect to dp,-. If D is a uniformly Holder domain of order 0 < CI < 2, then we have (2.23) with E(P) = E and r(p)=; ( C,-alogE-C,r:-"~'2-"+C9E . > (2.26) The ultracontractivity of e-r' follows from a direct computation of the quantities in (2.2) using the estimates of T(p) and E(P) in (2.24), (2.25), and (2.26) (see Davies and Simon [13, Theorem 5.21) . The sharpness in part (a) of Theorem 1 follows from Theorem 9.6 in Davies and Simon [ 133. Indeed, the only thing one has to do is to compute the quasi-hyperbolic distance for their regions. For example, if in their examples we take F(x)=KL, by part (a) of their Theorem 9.6, D is not (IU) and p(x) + d(x)-*. We leave these computations to the reader.
It remains to prove part (b). By (2.10) and (2.11) any I' of the form (1.15), (1.16), and (1.17) actually belongs to Lp(D) for somep>n/2. Thus such a V also belongs to K,, and we can continue as before. However , we can also prove (2.17) directly. Let g> 1 be such that VE Lp(D) for p = (n/2)a. Then for all u E C,"(D) where we have used the Sobolev inequality. With (2.27) we can continue as before and Theorem 1 is proved.
Before we present the proof of Theorem 2 we state some corollaries. The first is an extension of Theorem 1 to a wider class of domains. Let D be a bounded domain in R". If 1 G p < co we say that D is an LP-averaging domain if for any u E LP( D) we have D lu-uDIPd.r )';"~C(::~~~~l~-u.l'dx)Ln, (2.28) where C is a constant independent of u and the sup is over all balls B c D.
Here, ug and uD denote the average of u over B and the average , of u over D, respectively. These domains were introduced in S. Staples [23] , where it was shown that D is an LP-averaging domain if and only if pD( x0, x) E Lp(D), for some fixed x0 E D. It was also proved in this paper that if p > n and D is an LP-averaging domain then the Poincart inequality holds. Note that every Holder domain of order 0 is an Lj'-averaging domain by the Smith-Stegenga result, (2.9) above. The following extends the first part of Theorem 1.
COROLLARY 2.6. Suppose YE K, and that D is an LP-averaging domain for some p > n/2. Then e-lH is intrinsicallJj ultracontractive. Remark. If D is a Holder domain of order 0, then IdDI =0 (see [23] ). In contrast, the situation for LP-averaging domains is very different. In [23] , an example is given of an LP-averaging domain in R" with p = n -1 for which JdD( = UZ. By our corollary this domain is intrinsically ultracontractive. Thus boundary smoothness is not the determining factor for intrinsic ultracontractivity. What seems to be more relevant is the rate of growth of the quasi-hyperbolic metric po.
We next obtain an off-diagonal estimate for the heat kernel of time changed conditioned Brownian motion. Such estimates can be used to study the boundary behaviour of positive harmonic function in D. We restrict our discussion to John domains and take our operator to be -id with Dirichlet boundary conditions. We let Pr(x, y) be the heat kernel and 40 be the lowest eigenfunction. Our goal now is to prove that (2.4) holds for our semigroup ehrHh. By the Harnack inequality we have h(x) >e-cpO(x) and as in the proof of Lemma 2.3 we obtain Oc &(P)dp t= -2 P .
Also, changing variables we have Thus applying Lemma 2.1 we obtain Therefore, (2.36) with C, = n/4 + C,.
The off-diagonal estimate (2.31) follows from (2.36) using the techniques in Chapter 3 of Davies [ 111, or in Carlen, Kusuoka, and Stroock [7] . The fact that we have the measure h2 dx presents no problems. The estimate (2.30) for the conditional cp-process follows in the same way.
Since a John domain is intrinsically ultracontractive, it follows from ( 1.9 ) and (2.31) after integrating in time that for all (x, .v) E D x D, Remark. In the case of Lipschitz domains, (2.30) as well as (2.37) is proved in Davies [ 11, pp. 13&13 11.
As a final remark we should mention that it is possible to relax the condition ( 1.13) and still get (IU ). The method above easily gives COROLLARY 2.8. Suppose D satis@ (1.14) and
with 1 < j3 < 00. Then ePrHo is (ZU). If we on/~~ assume pD(x) < cp(d(x)) with cp(t)=c,(q(t)/t2)+Cz, where q(t)+0 as t+O, \ce have intrinsic supercontractivity. The crucial estimate, besides the intrinsic ultracontractivity of both semigroups ePrHo and eerH to obtain the comparisons between their eigenfunctions and the heat kernels, comes from (3.2) which follows, as we said, from the conditional gauge. In } and following the well-known argument of K. L. Chung [9] we have E!js,) 6 C x;= ~_ r SUP.,,~,,, E.,(r,,), where E., is the expectation corresponding to h = 1. By the Harnack inequality and the fact that pD(+\) < C, d(x) Pm + Cz we have By the uniform capacity condition and the Hayman-Pommerenkee Stegenga estimate as presented in Theorem 2.1 of Baiiuelos and Bksendal [S], for any .YE 6,,1, E,(TB,) < C5/lml'/' and (3.8) holds.
THE PROOFS OF

